Abstract-This paper gives a historical survey of the development of the inhomogeneous wave theory, and its applications, in the field of ultrasonics. The references are listed predominantly chronologically and are as good as complete. Along the historical description, several scientific features of inhomogeneous waves are described. All topics of inhomogeneous wave research are taken into account, such as waves in viscoelastic solids and liquids, thermoviscous liquids and solids, and anisotropic viscoelastic materials. Also inhomogeneous waves having complex frequency are described. Furthermore, the formation of bounded beams by means of inhomogeneous waves is given and the diffraction of inhomogeneous waves on periodically corrugated surfaces. The experimental generation of inhomogeneous waves is considered as well.
I. Introduction
T here is no better sentence to start this paper than one which is similar to the one that was used to end a writing by Poirée [44] (i.e., 'Ultrasonic inhomogeneous waves are a treasure"). It will be seen in what follows that inhomogeneous waves have been a gold mine for many researchers because it formed the core of their scientific activities for many years. But it also will be seen that inhomogeneous waves are actually a treasure of physics because of many theoretically predictable, beautiful features, properties, and behaviors. Furthermore, it will be noticed that inhomogeneous waves often let nature poke fun at humans' intuition.
We would like to show first that inhomogeneous waves are of primordial importance in the correct description of reflection/transmission phenomena. For example, take a look at the interface between a viscoelastic liquid and an ideal liquid. A homogeneous plane wave incident from the viscoelastic fluid is damped along its propagation direction. The transmitted wave is not damped along its propagation direction, but its amplitude is influenced by the one of the incident wave as shown in Fig. 1 . It can be noticed in Fig. 1 that the transmitted wave will have an amplitude that grows exponentially along its wave front. Such waves are called inhomogeneous waves. Therefore, inhomogeneous waves are entities that are necessary to describe even such a simple phenomenon as scattering on plane interfaces.
For some people, inhomogeneous waves are completely unknown, for others they are unavoidable when the interaction of sound with viscoelastic materials is to be described. Yet other people (the inhomogeneous wave enthusiasts) study such waves in the bulk of a material (for example, generated by means of some sort of a transducer), and let them interact with materials; such waves are often explicitly called inhomogeneous bulk waves. Because inhomogeneous waves are the most general plane wave solutions of the wave equation, there is actually no reason why one should neglect inhomogeneous waves and only study the very trivial case of homogeneous plane waves.
This paper describes from a historical point of view how the concept of inhomogeneous waves in ultrasonics has grown from an artifact to a fortune of physics. The references in this paper are listed predominantly according to their submission date, and the authors have tried to make this list complete. The historical approach is the 'red line' in this paper, and the scientific knowledge is distributed along the paper as to appear whenever necessary to understand the historical development. Inhomogeneous waves have become tools for nondestructive testing. There- fore, it is expected that many applications will appear in papers in the coming decade. The authors would like to express their wish that this paper may become an inspiring source for future scientists in this fantastic field of research.
In the past, several papers have appeared that give an overview of inhomogeneous waves, but never in a historical context and never spanning the whole area of inhomogeneous waves. In 1988, an overview appeared by Poirée [31] , dealing with elastic solids and ideal fluids and one by Deschamps and Changlin [32] , dealing with viscoelastic materials, conservation of energy, and special attention also went to the generalized law of Snell-Descartes. A year later came another review by Leroy et al. [33] . Later reviews can be found in Deschamps [39] (mainly dealing with thermoviscous materials and viscoelastic isotropic and anisotropic materials) and Poirée [44] . Leroy also wrote a review in 1996 [67] with special attention for nonspecular bounded beam effects at the Rayleigh angle of incidence. The current paper deals with all important aspects of inhomogeneous waves and does not go into detail in some areas that have been less important for the growth of the field of inhomogeneous waves in ultrasonics. These areas are dealing with waves in sediment layers [43] , in inhomogeneous media such as rock layers [59] , viscous fluids [63] , porous materials [24] , [71] and the interaction of inhomogeneous waves with defects [83] . However, it is believed that the latter area will become more and more important in the coming decade as inhomogeneous waves are starting to be used in nondestructive testing (NDT).
II. Basic Properties of Ultrasonic Inhomogeneous Waves
An example of an inhomogeneous wave is shown in Fig. 2 . The different parameters denoted in Fig. 2 will be outlined below. This paragraph summarizes some basic properties of inhomogeneous waves. How these properties were discovered and supplementary developments will be described in subsequent paragraphs.
Basically an inhomogeneous ultrasonic wave, represented by a particle displacement u, is written just as a homogeneous plane wave, i.e.:
where A is the amplitude, P is the polarization, k is the wave vector, ω is the angular frequency, r is the position, t is time, and i = √ −1. The wave (1) is a solution of the viscoelastic wave equation:μ
if
and
or if
Waves that correspond to (4) and (5) are called longitudinal, whereas waves corresponding to (6) and (7) are called shear waves.
It also is convenient to take into account that ∂ / ∂t ≈ −iω and use the following substitutions in (4) and (6):
with
then (4) becomes:
and (6) becomes:
In (15) and (16) v d and v s are the longitudinal, respectively, shear wave velocity for pure homogeneous plane waves in the considered medium, and α 0,d and α 0,s are the intrinsic damping coefficients in the medium for longitudinal, respectively, shear waves.
Whenever µ and λ are nil, it is perfectly possible that all quantities in (1) are real valued. The amplitude A can be real or complex, depending on the phase at the origin. Whenever µ and/or λ differ from zero, it follows from (4) and (6) that k is complex valued. In addition, regardless of the values of µ and λ , k can be complex valued because of specific boundary conditions. Hence, inhomogeneous waves are defined as waves described by (1) and having a complex wave vector k, i.e.:
A summation of a real vector with an imaginary vector, as in (17), is called the bivector formalism. Substitution of (17) in (1) reveals that k 1 influences the phase of the considered sound wave, and ik 2 influences the amplitude. Therefore, it is common to write:
α is called the damping vector, and β is called the inhomogeneity vector. Now if k is indeed complex, then from (5) and (7), it follows that the polarization vector P also can be complex, i.e.:
The vector P is normalized when:
An important feature of the polarization is consequently that the real component is always larger than the imaginary component.
Because of (21) , the values of P 1 and P 2 are determined by (5) or (7) as follows:
For longitudinal waves:
or, in other words:
while for shear waves:
with F⊥k. From (24) we learn that longitudinal inhomogeneous waves are elliptically polarized with the ellipse of particle motion inside the plane formed by the real and imaginary part of the wave vector. From (26) we learn that shear waves are also elliptically polarized. However, the ellipse of particle motion no longer is inside the plane formed by the real and imaginary part of the wave vector. These polarization properties involve that it would be more appropriate to talk about quasilongitudinal and quasishear waves just as in anisotropic media, but this is seldom done in inhomogeneous wave theory.
In isotropic materials, it is very convenient to let relations (4)- (7) automatically be taken into account by working with the Helmholtz decomposition:
where ϕ and ψ are scalar plane waves (having a complex wave vector) and e is an appropriately chosen unit vector so that:
In anisotropic materials, it is better to work directly with (1) .
In many papers, the dispersion relations (15) or (16) are written in terms of the components of k, leading, for m = s or m = d, to:
For the moment we have supposed that (1) is a harmonic function of time. Implicitly this means that we supposed that the vibration is somehow generated by means of a harmonic source. However, there also are other sources, such as damped or even critically damped sources, possible. Sound coming from such sources will have different characteristics in time and space. In fact, the source affects the complex amplitude but also the frequency when, depending on the characteristics of the source, this frequency can be real (harmonic), complex (harmonically damped), or even imaginary (critically damped). Hence, in general:
The concept of complex frequencies will be dealt with in detail later.
III. The Concept of Complex Angles
In the early days of the inhomogeneous wave theory and in mathematical papers about this theory, the concept of complex angles is often used.
From the fact that [see (15) and (16)], for m = s or m = d:
in the XZ-plane k can be formally written as:
Identification with:
then results in
Hence the angle defined in (34) is a complex angle.
IV. The Generalized Law of Snell-Descartes
When an inhomogeneous wave is incident on an interface between two media, reflected as well as transmitted inhomogeneous waves will be generated, at least if the mechanical continuity conditions allow them to be generated. The conditions are very often given by continuity of normal displacement and normal stress-vector for liquid-solid interfaces and total stress for solid-solid interfaces. However, there is also the continuity of propagation-phase, which simply states that along the interface (for example, parallel with the X-axis) incident sound coincidentally generates scattered sound. This principle is called the classical law of Snell-Descartes and is physically best formulated as continuity of:
and continuity of ω 1 .
In linear acoustics, however, there is also the principle that the amplitude of the scattered sound is linear dependent on the incident amplitude. If the incident amplitude differs from spot to spot (and/or from time to time) along the interface because this incident wave is inhomogeneous (and/or has complex frequency), then the scattered waves must be equally profiled in space (and/or in time) along the interface. This results in continuity of:
and continuity of ω 2 .
Eq. (38)- (41) can be compressed as continuity of:
and continuity of ω.
The principles formulated in (42) and (43) are called the generalized law of Snell-Descartes. The principle is schematically shown in Fig. 3 , for an interface between two liquids. The projections of each wave vector on the interface are the same for each of the present waves (incident 'inc', reflected 'r' and transmitted 't').
V. The Founder of the Ultrasonic Inhomogeneous Wave Theory
In numerous papers concerning inhomogeneous waves, it can be found that Brekhovskikh [1] already mentions the fact that the wave number can be complex. The pioneering work of Cooper and Reiss [2] and Cooper [3] is almost never mentioned. Most likely this work was forgotten by the refounders of ultrasonic inhomogeneous waves more than a decade later. However the work of Cooper [3] can be considered as the foundation of the ultrasonic inhomogeneous wave theory. In this work, the existence of inhomogeneous waves (Cooper named them general plane waves) in viscoelastic media is proved, and the scattering of such waves on an isotropic solid-vacuum interface and an interface between two isotropic solids is considered. Note that there are some printing errors in Cooper's paper [3] that were discovered only in 1987 by Jones et al. [27] . Even less known is the fact that Cooper already implements what has later been called the generalized law of Snell-Descartes, see (42) and (43), and the dispersion relation (32) for inhomogeneous waves. Cooper does not apply any bivector formalism and does not consider the dispersion relation in its modern form, resulting from that bivector formalism. Cooper also did not discover the fact that a reflection coefficient may exceed unity. Nevertheless, there can be no doubt at all that Cooper [3] should be considered the real founder of ultrasonic inhomogeneous wave theory.
VI. The Refounders and Boosters of the Ultrasonic Inhomogeneous Wave Theory

A. Single Ultrasonic Inhomogeneous Waves
In his paper, Frisk [6] deals with the fact that the description of the radiation field of tiny sources cannot occur without involving inhomogeneous waves. Therefore, he studies the reflection of such waves from interfaces in the ocean bottom and states that Snell's law for real wave vector components can be generalized to the case of complex wave vector components without any problem. He also describes the fact that the reflection coefficient can exceed unity without violation of the principle of energy conservation. However, Frisk studies inhomogeneous waves not as real physical entities, but as parts of the decomposition of the sound field produced by tiny sources. Therefore, his inhomogeneous waves are of such a kind that they damp away from the source and would nowadays be called damped homogeneous plane waves. As a result, inhomogeneous waves in Frisk's paper are only important very close to the sound source.
Because the work of Cooper and Reiss [2] and Cooper [3] seemed to be forgotten, in the period of Frisk [6] , only those researchers were interested in inhomogeneous waves who also were interested in near-field phenomena.
New life was given to the theory by an error in a paper of Atalar [7] . Atalar dealt with a lossy liquid-lossless isotropic solid interface and he explicitly prevented exponential amplitude growth away from the interface. The reason originated from the then well established idea (the Sommerfeld radiation condition) that the amplitude always must be zero at infinity. However Sommerfeld's rule is not really crucial if one is considering inhomogeneous incident waves. Apparently Atalar was not aware of this. The paper of Atalar shows a reflection coefficient that is so extraordinary that it inspired Claeys and Leroy [11] to study it deeper. They came to the conclusion that, contrary to what Atalar had proposed, the transmitted waves in the case studied by Atalar always must be directed in such a way that there is exponential growth inside the solid. In a much later study, Deschamps and Roux [37] and Roux [45] have studied this problem in more detail; and they came to the conclusion that the classical Sommerfeld radiation condition should not be used for inhomogeneous waves, stating that, for surface waves, it is not always necessary to impose that their amplitude should tend to zero at large distances away from the interface. Atalar [12] resolved this discussion by stating that Claeys and Leroy [11] were right below the critical angle, and that he was right beyond the critical angle. Hence, the discussion of Atalar [12] and Claeys and Leroy [11] resulted in what would later be discovered experimentally by Deschamps [61] . These discussions also showed that ultrasonic inhomogeneous waves were concepts that were naturally generated during scattering whenever damping becomes a factor of importance. One month later than Claeys and Leroy submission [11] , Weston [10] published a paper that also dealt with inhomogeneous waves. Weston was interested in very small inhomogeneities of sound in waveguides [8] . For such small inhomogeneities, there are regions in the angular interval 0, π 2 in which the reflection coefficient has practically constant amplitude. This lead Weston to consider a formulation, like Brekhovskikh [1] and Bertoni and Tamir [98] did in the framework of homogeneous plane waves, of a beam shift due to constant amplitude and high-phase shifts in a beam that is composed (in Fourier sense) of very weakly inhomogeneous waves. Even though Weston's considerations practically only hold for guided waves in between lossy media, an important conclusion of his paper is that there can be an energy gain when inhomogeneous waves are reflected. Even more interesting is a crucial sentence in Weston's paper [8] that would become one of the major ideas of inhomogeneous wave theorists, i.e., "In fact, there are the two viewpoints on the reflection of inhomogeneous waves, and it is worth stressing that these are equivalent: a displacement like other waves with no extra gain, or no displacement but with gain." This intuition was shared by Leroy et al. and they later proved [26] explicitly that there is energy conservation when inhomogeneous waves are reflected from an interface between two media. This intuition also formed the basic idea in unraveling the Schoch displacement [13] .
B. The Formation of Bounded Beams by Means of Inhomogeneous Waves and Their Connection with Leaky Surface Waves
The real breakthrough of inhomogeneous waves originated from work by Claeys and Leroy [13] and Claeys [18] in which they described a bounded beam as a superposition of inhomogeneous waves by means of the Prony technique. Hence, their superposition is performed not in Fourier-sense but in a sense that had only been done before in electronics and only in the time domain, e.g., Spitznogle and Quazi [4] .
Essentially the method works as follows: In Fig. 4 , a schematic is given of the different coordinates that are used below. On the left there is the incident (Gaussian) bounded beam with given profile; on the right there is the reflected profile. The bounded beam f (x, y) with profile f (x ) is written as:
with I n = 0 if n < 0 and I n = 1 if n ≥ 0 in the original work of Claeys and Leroy [13] and I n ≡ 1 in a later extension of the original method (see further below). For symmetrical profiles this leads to:
The transformation β n = n/p and x = p ln γ consequently results in:
The right side of (46) also can be decomposed in Laguerre polynomials L n of order n as:
The unknown coefficients A n then are found elegantly by means of linear combinations of B n or directly just by means of a numerical optimization of (45) . This superposition lead to simulations of the interaction of bounded Gaussian beams at all angles of incidence. Especially the simulation of the Schoch effect at the Rayleigh angle and at the Lamb angle, which had up until then only been done by means of the Fourier method for all angles of incidence and a more specialized form of the Fourier method at the Rayleigh angle [98] , awakened many acousticians. From that moment on there existed an undisputable bond between inhomogeneous waves and leaky surface waves. Now, since leaky surface waves were known to be of extraordinary importance in nondestructive testing, the breakthrough of the ultrasonic inhomogeneous wave theory was a fact.
In later papers, Leroy et al. [21] , Leroy et al. [26] , and Sebbag [28] highlighted the difference in the reflection coefficient at the Rayleigh angle of homogeneous plane waves and inhomogeneous plane waves. Inhomogeneous plane waves, as used in the bounded beam decomposition of Claeys and Leroy [13] , and Leroy [68] , showed a minimum at the Rayleigh angle that was in intuitive agreement with energy transformation from incident sound to Rayleigh waves, but nothing like this was visible for homogeneous plane waves. This together with their experience in the field of acousto-optics, lead to a new definition of the reflection coefficient for bounded beams. This coefficient was the complex amplitude of the reflected sound integrated over the whole profile, divided by the one of the incident beam. This coefficient showed a minimum at the Rayleigh angle, in agreement with intuition. Furthermore, their definition was in accordance with a measurable entity in acousto-optics, in which the second order diffracted light amplitude corresponded to their definition of the reflection coefficient and was directly measurable.
A vast study that revealed the fact that inhomogeneous waves are excellent tools to excite leaky Rayleigh waves was performed by Poirée and Sebbag [36] and Quentin et al. [38] . They showed not only that leaky Rayleigh waves could be written as a combination of inhomogeneous waves, but also that it was from a physical point of view natural to generate such waves by means of incident inhomogeneous waves. Later, Duclos et al. [52] also performed a study on the connection of Lamb waves with inhomogeneous waves.
Several years after the findings of Claeys and Leroy [13] , Van den Abeele and Leroy [49] , [53] , Van den Abeele [54] , Van den Abeele and Leroy [56] , and Van den Abeele et al. [62] extended the method as described in (44) but now with I n ≡ 1 to form bounded beams, hence involving not only inhomogeneous waves having an inhomogeneity vector in one sense but also in the opposite sense. They studied in great detail the effects of frequency and beam width on the reflected beam profile. A later study was performed by Vanaverbeke et al. [86] , following experimental research of Devolder et al. [99] , on the possibility to measure the characteristics of a coating by means of phase-measuring (acousto-optic) techniques. One of their findings was that the results coming from the Fourier model correspond to the ones coming from the inhomogeneous wave model when studying the reflection of bounded beams on coated materials.
Nevertheless, the formation of bounded beams by means of inhomogeneous waves bares a drawback in that only an approximation can be found numerically in a relatively small area around the center of the beam. At large distances there are always exponentially growing amplitude tails. The presence of these tails can severely interfere with the areas of interest after reflection. Therefore, some numerical techniques have been developed [90] , [91] , [105] lately in order to shift those tails a little bit more outward. Furthermore, because the Prony technique only works for one variable, it is impossible to build 3-D bounded beams by means of inhomogeneous waves. Lately this shortcoming has been voided [95] by introducing a technique that is capable indeed of building 3-D bounded beams. A result of a 3-D Gaussian beam profile formed by means of a summation of inhomogeneous waves is shown in Fig. 5 . Just as in the 2-D case, there appear exponentially growing tails at some distance away from the center of the profile.
Very recently, mainly because of the fact that bounded inhomogeneous waves have been experimentally generated (see further below), some papers have appeared dealing with the description of the behavior of bounded inhomogeneous waves (i.e., an exponential profile but chopped in space) in reflection/transmission at plane interfaces between a liquid and a solid. The first description consists of the formation of bounded inhomogeneous waves by means of a Fourier decomposition into homogeneous plane waves, Vanaverbeke et al. [82] . Still, because it is interesting not just to simulate what happens to bounded inhomogeneous waves when they interact with materials, but also to understand what the physical and theoretical connection is between bounded inhomogeneous waves and infinite inhomogeneous waves, it was shown recently that a bounded beam is built up by means of infinite inhomogeneous waves and that the connection is made through the Laplace transform [92] , [93] . Furthermore, it is shown that this description shows why bounded inhomogeneous waves behave like infinite inhomogeneous waves. The reason is that the infinite inhomogeneous wave having the same inhomogeneity as the bounded inhomogeneous wave determines what happens to the bulk of the bounded beam, but other inhomogeneities are only important to form the edges of the bounded beam.
C. The Heritage From Electromagnetic Wave Theory
Inhomogeneous waves were developed much earlier in electromagnetic wave theory than in ultrasonics theory. However, as is often the case in different branches of science, the connection between the two fields did not grow automatically. The first who connected inhomogeneous waves theory in ultrasonics with the one in electromagnetism was Hayes. In a paper which appeared soon after Atalar [7] and Claeys and Leroy [11] , Hayes [9] published a theory dealing with inhomogeneous (surface) waves that was valid for both electromagnetic and ultrasonic waves. A few years later Hayes [16] published another paper in which he introduced the bivector formalism (see also [57] ). The bivector formalism originates from Gibbs [100] and Synge [101] , and Hayes revealed its importance in the description of ultrasonic and electromagnetic inhomogeneous waves. The bivector formalism of Hayes has formed the theoretical structure of inhomogeneous waves that is still used today.
VII. The Further Development of the Theory for Viscoelastic Isotropic Media
Around 1984 the founders and the refounders of the theory of ultrasonic inhomogeneous waves had considered the existence of such waves: they had shown peculiarities of the reflection coefficient, they had considered the principle that later would be called the generalized law of Snell-Descartes (42), (43) , and they had shown through the Schoch displacement that there was a strong connection between inhomogeneous waves and leaky surface waves. Nevertheless, a lot of work still needed to be done before the theory could reach its nowadays proportions.
Hayes [16] had already used the formalism of bivectors in the description of bulk inhomogeneous waves. Poirée [15] showed that this formalism also could be used to describe surface waves. Later Poirée's findings were extended by Poirée and Luppé [48] . Meanwhile Hosten and Deschamps [14] had applied the concept of complex angles (37) in the scattering of inhomogeneous waves. The latter two authors combined their efforts with the bivector formalism as used by Hayes [16] and Poirée [15] and extended the notion of damped homogeneous plane waves (reference 3 in [19] ) and surface waves to inhomogeneous bulk waves. For the first time ever Hosten and Deschamps [14] published the dispersion relation in the bivector formalism [as is currently always used, see (29) , (30) ] for viscoelastic isotropic media; and, for the first time, they wrote about the generalized law of Snell-Descartes. The former was already calculated by Cooper and Reiss [2] and Cooper [3] , the latter had already been obtained by Cooper and Reiss [2] , Cooper [3] , and Frisk [6] , but here it was for the first time explicitly written within the bivector formalism. Hosten and Deschamps [14] showed within the bivector formalism the fact that inhomogeneous waves are generated naturally on an ideal liquid/absorbing solid and, therefore, complemented what had been tackled before by others [7] , [11] , [12] .
The conservation of energy, which had been tackled before [26] for scattering of inhomogeneous waves on interfaces between ideal elastic media, was established by Deschamps [35] for viscoelastic materials. Hence, after 1990 there were no doubts possible anymore considering energy conservation when inhomogeneous waves get reflected/transmitted. A further study also can be found in Chevée and Deschamps [47] and Chevée [60] . Because the phase velocity of inhomogeneous waves is frequency dependent, it is also important to study the velocity of energy transport in such waves. This has been done by Poirée [46] . Because inhomogeneous waves were so astonishingly promising, Deschamps and Chevée [40] extended an approach (the expansion into a Debeye series) for describing the interaction of homogeneous plane waves with a solid layer immersed in a viscous liquid, to inhomogeneous waves. They found energy conservation laws. Nevertheless, they also found some peculiarities of inhomogeneous waves that were not so attractive for intuitive interpretation, such as propagation directions within the layer exceeding 90
• , and they also found some convergence problems in their approach. Their paper in fact indicates that inhomogeneous waves can be considered as an excellent tool, but not the ultimate tool, for describing the interaction of sound with materials.
A treatise on the reflection/transmission of inhomogeneous waves (including shear horizontal waves) between two isotropic viscoelastic solids can be found in Caviglia and Morro [72] . The latter paper differs slightly from the other papers in the framework of inhomogeneous waves because the Stroh formalism is used here.
Lately [89] it also has been shown that inhomogeneous waves must be able to stimulate a surface wave on a liquid/solid interface that radiates both into the liquid and into the solid and, therefore, differs from a leaky Rayleigh wave.
VIII. The Interaction of Ultrasonic Inhomogeneous Waves with Anisotropic Materials
Contrary to, for example, the book of Fedorov [102] , it could be found already in the book of Musgrave [5] that complex wave vectors are mathematically possible in crystals. However, it was only much later that one has started to study this phenomenon deeply. The most general approach for describing the interaction of sound with an interface between generally anisotropic materials before 1986 is found in [20] . It is so general not only because of the possibility to calculate results for general anisotropy but also because the numerical approach is valid for all angles of incidence, but most earlier papers only presented results below the bulk critical angles. Furthermore, it has been shown by Lanceleur et al. [55] that Rokhlin et al. [20] must have implicitly implemented inhomogeneous waves because of correspondence with the later results of Lanceleur et al. [55] . One of the key factors is, of course, that Rokhlin et al. [20] determine the wave vector direction (up/down) by considerations of the energy flow when they obtain the correct choice of the sign, even in the case of generated inhomogeneous waves. Nevertheless, in Rokhlin et al. [20] there are no explicate studies described that reveal phenomena that are due to incident or scattered inhomogeneous waves. Therefore, the work of others [7] , [11] , [12] , [14] , where it was shown that damped waves produce inhomogeneous waves in a reflection/transmission process, motivated Hosten et al. [22] to describe transmitted waves in a viscous anisotropic material (e.g., a fiberreinforced composite) in the framework of inhomogeneous wave theory. The description of bulk inhomogeneous waves in anisotropic media had already happened by Hayes [16] , but not in the context of reflection/transmission and certainly not their influence on the reflection/transmission coefficient. Hosten et al. [22] showed that the inhomogeneous wave theory produces results in agreement with ex-periments for propagation (through stiffness coefficients) and damping (through damping coefficients). This work was later further extended by Deschamps and Hosten [42] to a system in which the reflection/transmission coefficients are expanded in a Debeye series. Now because the vast majority of composites are layered, it was appealing to Hosten [41] to try numerical techniques that already existed for describing the interaction of homogeneous plane waves with layered (composite) materials (e.g., the Thomson-Haskell method) in the field of inhomogeneous plane waves. However, because the classical ThomsonHaskell method produces numerical instabilities for high values of frequency times thickness, Hosten [41] modified the method to get more stability and tested it in the case of damped materials, in which the then well established theory of inhomogeneous waves demanded the presence of bulk inhomogeneous waves inside the layered medium. Again he found excellent agreement with experiments. The rapid developments in inhomogeneous wave theory together with some important attempts to include such waves in reflection/transmission phenomena in anisotropic media (along crystal axes [22] ) inspired Lanceleur et al. [55] to study the presence and the consequences of inhomogeneous waves due to reflection/transmission phenomena in general anisotropic media (therefore, also valid along the acoustical axes). Hence the paper of Lanceleur et al. [55] complements the paper of Rokhlin et al. [20] . For researchers in the field it, therefore, is necessary to study those papers together.
In addition, a thorough study on the differences of the Stroh formalism and the Christoffel equation formalism for inhomogeneous waves in anisotropic elastic materials can be found in Shuvalov [78] .
Furthermore, it is well-known that, for homogeneous plane waves, the energy ray is directed along the direction of the wave vector, when this wave vector is directed perpendicular to the slowness surface in that direction. It is not always possible to have this situation, especially in anisotropic materials. Deschamps and Poncelet [85] showed that this is possible indeed if one deals with inhomogeneous waves because the inhomogeneity component becomes a steering factor. Hence, it is always possible to find such conditions for inhomogeneous waves. They also show that there are always four solutions in each direction.
Further findings of the interaction of inhomogeneous waves with anisotropic materials can be found in Deschamps and Assouline [76] , Rogé [80] , and Boulanger and Hayes [81] . In addition, the propagation of inhomogeneous waves in piezoelectric media has been considered by the first author of the current paper [108] .
IX. Inhomogeneous Waves in Thermoviscous Liquids
In viscoelastic materials, there are only vibrational modes, i.e., (quasi) longitudinal and (quasi) shear modes. In thermoviscous liquids, however, there is also an en- tropy (or thermal) mode. This mode, which formerly was only described as a pure homogeneous plane wave, was described in the framework of the inhomogeneous wave theory by Poirée [17] , [23] for the case of a perfect thermoviscous gas by means of a first order perturbation of Navier-Stokes equations. Deschamps and Cheng [30] extended this model to the general case of thermoviscous liquids. The latter authors also showed that surface modes are possible that couple entropy modes with vibrational modes. The case of termoviscous solids can be found in Deschamps and Changlin [34] .
X. The Experimental Generation of Ultrasonic Inhomogeneous Waves
Up until 1988, inhomogeneous waves had been important mostly from a theoretical point of view, and there were only indirect connections with experiments such as the Schoch effect or damping within materials. Most researchers in the field believed that bulk inhomogeneous waves could become an important tool for nondestructive evaluation (NDE); however, such waves had never been generated and studied before. Deschamps and Hosten [29] were the very first to build a tool for exciting bulk inhomogeneous waves, and they verified that experimentally excited bulk inhomogeneous waves had propagation properties in complete agreement with theory. From that moment on, bulk inhomogeneous waves became established physical entities. The excitation equipment consisted of a relatively wide transducer, and the inhomogeneous wave was generated by transmitting the generated sound through a damping prism-like material.
The principle is shown in Fig. 6 . A homogeneous plane sound wave impinges the prism. Its characteristics are given by k 0 = k 1,0 e x0 . Along the interface y = x tan θ 1 Snell's law must be fulfilled, when within the damping prism a damped homogeneous plane wave is generated. This wave is in its turn transmitted along the interface y = x tan θ 2 when also along this second interface it must fulfill Snell's law. Now by demanding that the transmitted wave (in the lossless lower media) must be conform with k 2 = β 2 + (ω/v) 2 e x2 − iβe y2 , i.e., an inhomogeneous wave with given inhomogeneity vector β, then it can be shown that implementation of Snell's law together with the dispersion relation inside the damping prism results in:
with p given by (51) (see next page) for α 0 being the intrinsic damping and v 0 the sound velocity inside the prism. The reason why both angles θ 1 and θ 2 must be tuned is the fact that not only the amplitude variation must be correct but also the wave front and its direction of propagation. It is, for example, seen from (49)- (51) that, if one demands β = 0, that both angles are equal to ±π. It also follows from (49)- (51) This method, using a damping prism, was also used in [75] in order to experimentally verify the theory of the diffraction of inhomogeneous waves on periodically rough surfaces (see further below).
A second method to experimentally generate bulk inhomogeneous waves has been presented by Huang et al. [58] and basically works as follows. Consider a thick metal plate which is half immersed in a liquid (Fig. 7) . The other half is dry. When a Rayleigh transducer generates a pulsed Rayleigh wave on the dry side in the direction of the wet side, the generated Rayleigh wave will propagate toward the liquid. When it reaches the liquid, it becomes leaky. This leakiness causes sound to be transmitted at the Rayleigh angle into the liquid and also causes damping of the remaining Rayleigh wave in the solid plate. Hence, the amount that is leaked into the liquid diminishes along the propagation direction of the Rayleigh wave. This causes the radiated sound to be inhomogeneous, i.e., amplitude decay perpendicular to the propagation direction of the radiated sound. Furthermore, the leakage of sound into the liquid is frequency dependent, when the inhomogeneity in the generated bulk waves also is frequency dependent. An inhomogeneity then can be "chosen" for further research by filtering out all frequencies that do not produce this particular inhomogeneity. The drawback of the latter method is clearly the fact that the frequency and the inhomogeneity cannot be chosen independent from each other. The drawback of the former method is the fact that a different prism (i.e., different angles θ 1 and θ 2 ) is needed whenever a different inhomogeneity is required.
XI. The Diffraction of Ultrasonic Inhomogeneous Waves
Since the 1980's, it was known that periodically corrugated surfaces possessed the ability to transform incident bulk waves into Scholte-Stoneley waves. That is because, under the right circumstances, one of the diffracted modes propagates along the interface under advantageous conditions. Therefore, such surfaces became appealing for nondestructive testing applications as for most materials it is otherwise not possible to stimulate Scholte-Stoneley waves on water-solid interfaces by means of sound incident from one of the two media. However, in nondestructive testing, it also is inviting to use Rayleigh waves. The problem arising from studies of the diffraction of pure plane waves (or wide bounded beams) on corrugated surfaces was that the leaky Rayleigh wave did not seem to get excited appropriately by this method. Hence, the combination of the inhomogeneous wave theory and the diffraction of plane waves was unavoidable. The most important difference between the diffraction of pure plane waves and the diffraction of inhomogeneous waves is that the grating equation must be generalized in a similar way as the law of Snell-Descartes had been generalized before.
The classical grating equation is given by:
Unless one is attracted to working with complex angles, it is easier to transform this equation into:
The generalization, done by Briers and Leroy [50] , [51] , and Briers [64] consists of applying equation (53) not just for real wave vectors but also for complex wave vectors. Hence, it is seen from (53) that the diffraction phenomenon adds or subtracts a real value and not an imaginary value. In other words, the diffraction phenomenon does not alter k 2,x but only k 1,x . The corresponding z-component of each of the diffracted waves then is found from the dispersion relation (15)- (16) . Now because leaky Rayleigh waves and leaky Lamb waves have a complex wave vector component along the interface, it is seen from (53) that they
cannot be stimulated by means of incident homogeneous plane waves and can be stimulated only by means of incident inhomogeneous waves. The results also can be found in later papers of Van Den Abeele et al. [62] , [65] . The theory also was verified experimentally by Huang et al. [58] and Briers [75] . An extension of the model from homogeneous solids to porous media also can be found in Briers and Leroy [77] . Recently the theory of the diffraction of inhomogeneous waves clarified the backward beam displacement phenomenon on periodically rough surfaces as experimentally found by Breazeale and Torbett [87] , [103] and connected this phenomenon to a leaky Scholte-Stoneley wave [88] , [94] . Some theoretical predictions, based on the diffraction of inhomogeneous waves, have recently been verified experimentally [104] . Lately the theory of the diffraction of inhomogeneous waves on periodically corrugated surfaces in 1-D has been extended [84] to surfaces having a corrugation in 2-D. This theory shows that Scholte-Stoneley waves can be steered in the in-plane directions, depending on the frequency and the corrugation periodicities, but leaky Rayleigh waves cannot.
XII. Inhomogeneous Waves Having Complex Frequency
Inhomogeneous waves having complex frequency are generally called complex inhomogeneous harmonic plane waves. They also are called inhomogeneous transient waves. The imaginary part of the frequency corresponds to a source that has exponentially decaying (or growing) amplitude as a function of time. The main reason for studying such waves is the simple fact that perfect harmonic waves do not exist in nature. Every wave has started some time and will end to exist at some time. Especially in the field of geophysics, in which relatively short earthquakes generate transient surface waves or transient Lamb waves, complex (inhomogeneous) harmonic plane waves are becoming very important.
Consequences of complex frequency in the early stages of the theoretical development can be found in Borejko [25] , Poirée [44] , Deschamps [61] , and Scott [63] . The real development of this theory started with Deschamps et al. [66] .
For real frequencies, it is known that k 1 = ω v , this is generalized for complex frequencies by working with the slowness vector S, resulting in:
when
It is important to note here that the direction of the real wave vector and that of the real slowness vector are, in general, different form each other. It is also important to note that the components of k along a given Cartesian axis only depend on the components of S along that same axis. This means that relation (42) of the generalized SnellDescartes law also can be expressed in terms of S without any inconsistency.
Hence, for the case of complex frequencies, the dispersion relation (15) or (16) 
Relations (56) and (57) show that the complex frequency affects the spatial features of the sound wave. Because it can be derived from (1) that the imaginary part will result in an exponentially decaying amplitude as a function of time if ω 2 < 0 and exponentially growing if ω 2 > 0, the particle displacement will not be an ellipse anymore as in the case of inhomogeneous waves having a real frequency, but it will be a collapsing elliptic spiral if ω 2 < 0 and an expanding elliptic spiral if ω 2 > 0.
An important question that might be posed in the case of transient inhomogeneous waves is, how fast do they travel? For inhomogeneous waves having real frequency, it is clear that they travel at the phase velocity. For transient waves, however, as a function of time you also get amplitude growth that is spreading in space. Therefore, it is necessary to distinguish between phase velocity:
and amplitude velocity
Furthermore, it can be found in Poncelet [70] that the velocity of energy propagation is given by:
with phase slowness vector S ph given by:
This shows that the energy propagates in the direction of S 1 .
Eq. (60) is the main reason why one who is dealing with transient waves prefers to work with the complex slowness vector S instead of the complex wave vector k. Nevertheless, it always is possible to switch between slowness space and wave vector space by applying (55) .
A thorough investigation of the energy flux for damped inhomogeneous complex plane waves in viscoelastic fluids can be found in Boulanger [73] .
In the mid 1990's, one became interested in applying complex inhomogeneous harmonic waves for nondestructive testing. In 1996, Poncelet and Deschamps [69] started to study the generation, by means of such waves, of leaky Lamb waves in isotropic homogeneous plates. It is wellknown that the solutions (i.e., the possible wave vectors in the plane of the plate) of the Lamb wave characteristic equation (i.e., the dispersion equation for Lamb waves) for a fluid-loaded plate, are complex. This actually means that such waves can be generated by means of inhomogeneous waves and more generally by means of complex harmonic inhomogeneous waves. In their paper, Poncelet and Deschamps [69] show that the dispersion equation for Lamb waves can be expressed in the two independent unknown variables ω and S x (x-axis along the plane of the plate). This means that, for each Lamb mode A n and S n , there is an infinite number of dispersion curves possible. For that reason a detailed study for the case of leaky inhomogeneous Lamb modes (i.e., complex slowness, real frequency) on the one hand and transient real Lamb modes (real slowness, complex frequency) on the other hand is performed. It is shown that the dispersion curves are different for both situations. Furthermore, it is shown that there is a huge difference for the A 0 and S 0 mode for complex frequencies if compared with real frequencies. The difference is that both modes do not converge to the Rayleigh wave velocity for thick plates, but stop to exist at a certain threshold real frequency times plate thickness. Also below this threshold there sometimes are two possible imaginary parts of the frequency for the same mode at the same real frequency times thickness. Furthermore, it is shown that, contrary to all other modes, the A 0 mode can be stimulated only with increasing amplitude as a function of time. A very important conclusion of complex harmonic inhomogeneous plane waves is perhaps the fact that they show that in time there is something similar (though not equivalent) as in space, which is that signals bounded in time are also capable of stimulating Lamb waves, like signals bounded in space (bounded beams) are capable of stimulating Lamb waves. An exotic study for the case of both complex wave vector and complex frequency reveals fantastic effects such as coupling of the branches of the A 0 with other modes. The findings of Poncelet and Deschamps [69] have later been experimentally verified in Deschamps and Poncelet [74] .
Furthermore, in their paper, Poncelet and Deschamps [69] mention the important fact that the dispersion curves for complex frequencies correspond very well to the minima of the reflection coefficient calculated for an incident harmonic homogeneous plane wave, in contrast to the dispersion curves calculated for the solutions with complex slowness. This fact was later studied in full detail by Bernard et al. [79] for a plate immersed in a solid.
Lately, research has been done [96] , [97] on the diffraction of transient waves on a periodically corrugated surface. It is found that transient plane waves are excellent tools to stimulate leaky Rayleigh waves on such surfaces, and it also is shown that such a surface can be used to filter any signal instantaneously into its complex frequency components. Lately, important effects of the complex frequency on the focal length of bounded beams have been discovered [107] , [108] that can be very important for medical applications.
XIII. Conclusions
This paper has given an impression of what exists in the field of ultrasonic inhomogeneous waves, how each topic has started, and how it evolved. Perhaps the most important finding is that the theory has grown due to the strong interaction between the different researchers in this field. Therefore, it is not surprising that all given references form a network that cannot be divided into subgroups. This complicated network of collaborations in the past is also the reason why the references cannot be sorted by author. Hence, for historical reasons we have opted for predominantly chronological order, and we have described the evolution of this wonderful field in ultrasonics according to this time sequence. Whenever needed for clarity, we have selected subfields of inhomogeneous wave research and described its evolution as a separate paragraph, however, without hiding connections with other subfields in different paragraphs.
The theoretical development of ultrasonic inhomogeneous waves has more or less reached its final destination. Therefore, it is expected that the coming decade will be the one of practical applications in nondestructive testing and characterization of materials. Hence, there is still a huge world of opportunities for further research in the field of ultrasonic inhomogeneous waves and their applications. One of those studies has already been published [106] , [108] and is dealing with the interaction of inhomogeneous waves with mud layers. Joris Degrieck was born in Veurne (Belgium) on the 10th of February 1959 and obtained an M.Sc. in Mechanical Engineering and a Ph.D. in Applied Science (Mechanical Engineering) at the Ghent University. From 1986-1991 he has been assistant and lecturer at the Ghent University. From 1991-1996, he has been a research engineer and project leader at the Research Institute of the Belgian Metalworking Industries (WTCM-CRIF). From 1993 until present, he has been respectively part time professor, teaching "Mechanics of Fibre Reinforced Materials" and professor, teaching "Composite Materials", "Mechanics of Materials", and "Kinematics and Dynamics of Mechanisms" at the Ghent University. His main research activities are situated in mechanics of fiber reinforced composites under impact and fatigue loading and non destructive characterization of the elastic properties of composite laminates by means of ultrasound. He has won The Vreedenburgh Prize (TU Delft, the Netherlands, 1991) 
